We consider the spectrum of the discrete Schrödinger equation with one-dimensional perturbation. We obtain an explicit form of scattering matrix and find an exact condition of the absence of the singular part of the spectrum. We also calculated the eigenvalue that appears if this condition is not true. In the last part of our paper, we give few remarks on the case of two-dimensional perturbations.
Introduction
The problem of change in the spectrum of selfadjoint operator with one-dimensional perturbation in the well-known Friedrichs-Faddeev model on a finite segment [a, b] is well studied [1, 2] . Description of this model and references can be found in the monograph [3] . Let v(λ, τ ) = βu(λ)u(τ ) be the kernel of the integral operator of the perturbation. The function v(λ, τ ) satisfies the Hölder condition with index α 0 , and u(a) = u(b) = 0. It is well-known that in the case of one-dimensional perturbation, the absolutely continuous part of the spectrum does not change, and the singular part of the continuous spectrum for an arbitrary function u(λ) does not only when α 0 > 1 2 . It is also known that if the coupling constant β is small, then the discrete spectrum of the perturbed operator lies inside the segment [a, b] . However, there is some positive critical value β 0 such that if |β| > β 0 , then there is one simple eigenvalue λ outside the segment [a, b] . In the general case, even for one-dimensional perturbations, provided that α 0 ≤ 1 2 , the singular spectrum can be rather complicated (see theorem 6.7.10 in [3] ).
In this paper, we consider a special case of one-dimensional perturbations in the Friedrichs-Faddeev model on the finite segment [−2, 2]. The kernel of the integral operator of the perturbation
where U k are the Chebyshev polynomials of the 2nd kind, k ∈ Z + , and
The polynomials U k satisfy the following recurrence relations (RR)
In our case, the function u(λ) equals to zero at the ends of the segment and satisfies the Hölder condition with index α 0 = 1 2 . Taking into account possible applications of our results, it is convenient to consider the model as a discrete Schrödinger operator with a local onedimensional perturbation. This model is found in the study of some problems of atomic physics (see [6] ), and also in the investigation of non-equivalent representations algebra of generalized Chebyshev oscillator (see [7, 8] ).
Let us turn to a precise formulation of the problem. We give the definition of the considered Schrödinger operator following section 4.1 of the monograph [4] . As a starting point, we take the Jacobi matrix J
δ nk is the Kronecker delta and β is a real number. Let H k = L 2 (R; µ k ) be a separable Hilbert space where µ k is a Borel probability measure, such that
The symmetric operator H
is defined on the set of finite linear combinations of basis vectors. The set is dense in the space H k . It is known (see [4] ) that the deficiency indices of the operator H (β) k are equal to (0,0). Hence, its closure is a self-adjoint operator with a simple spectrum in H k . Save for it the same symbol H In the following, we will assume that H k is a space of the spectral representation, i.e. the operator H
It is known (see [9] ) that the operator H 0 in spectral representation defined on the Hilbert space
and the Chebyshev polynomials of the 2nd kind
form an orthonormal basis. These polynomials satisfy the following RR
Our aim is to study the singular part of the spectrum of self-adjoint "perturbed" Hamiltonian H (β) k , (β ∈ R) for arbitrary k ∈ Z + . This operator appears after adding one-dimensional perturbation to the "free" Hamiltonian H 0 (corresponding to the case β = 0). We use a new representation of the resolvent R 0 (z) = (H 0 − z) −1 of self-adjoint unperturbed operator H 0 in H 0 . By (· , ·) we denote the scalar product in the Hilbert space H 0 . Computing the roots of the denominator of the resolvent
on the real axis, we obtain the following results:
1. Exact condition of the absence of singular spectrum on the continuous spectrum (on the segment [−2, 2]). 
We will compute the density 
We introduce also the measure ϱ k,0
It is known that ϱ 0 (·) = µ 0 (·), ϱ k,0 (·) = µ k (·).
Then we have
where the measure µ 0 defined by (5) . We consider
in H 0 , and denote by D k (z) the following expression
From [3] , we know that D k (λ + i0) ̸ = 0 for almost all λ and
Then, we get from (8), (9), (10) for almost all λ
(11) From (10) and (11), it follows that absolutely continuous parts of the measures ϱ = σ 0,a = [−2, 2]. By the Privalov theorem [5] , using the wellknown expression for the resolvent of the operator H 0 via the Cauchy-Stieltjes integral with respect to the spectral measure, we have
We get from (8) that
Using RR (1), (2) for the Chebyshev polynomials, it is easy to calculate the integral I (k) (λ)
We have for |λ| ≤ 2,
) ,
In the case when |λ| > 2, we have
Using the identity
we get
where
) .
Finally, from (5), (11) and (14), it follows that
3 Scattering matrix for (H 0 , H
Now we turn to the scattering matrix. According to theorem 6.7.3 [3] , the scattering matrix S(λ) for a pair of self-adjoint operators H 0 and H (β) k is calculated for almost all λ ∈ σ 0 by the following formula
Here σ 0 = [−2, 2] is the core of the spectrum of the operator H 0 (the minimal Borel support of the spectral measures E 0 ). By ⟨·, ·⟩ h(λ) we denote the scalar product in "infinitesimal subspace" h(λ) of a direct integral which corresponds to the absolutely continuous part of the operator H 0 . Namely, we denote by H into a direct integral (see [3] for details)
The element U k (·) in the formula (15) is the representative element of U k in the decomposition (16). In our case,
Substituting (17) 
andL is defined by (13). 
Using (14), we rewrite this equation in the form
This is a quadratic equation with respect to the variable β:
For any λ satisfying the inequality U k ( λ 2 ) ̸ = 0, it is easy to obtain the solution of the quadratic equation
Since 
Now we will show that points ±2 are not eigenvalues of the operator H
Using RR (6), (7) , it is easy to show that the polynomials ϕ 
